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Abstract—In a mixed traffic with connected automated vehicles
(CAVs) and human-driven vehicles (HDVs) coexisting, data-
driven predictive control of CAVs promises system-wide traffic
performance improvements. Yet, most existing approaches focus
on a centralized setup, which is not computationally scalable
while failing to protect data privacy. The robustness against un-
known disturbances has not been well addressed either, causing
safety concerns. In this paper, we propose a decentralized robust
DeeP-LCC (Data-EnablEd Predictive Leading Cruise Control)
approach for CAVs to smooth mixed traffic flow. In particular,
each CAV computes its control input based on locally available
data from its involved subsystem. Meanwhile, the interaction
between neighboring subsystems is modeled as a bounded distur-
bance, for which appropriate estimation methods are proposed.
Then, we formulate a robust optimization problem and present its
tractable computational solutions. Compared with the centralized
formulation, our method greatly reduces computation burden
with better safety performance, while naturally preserving data
privacy. Extensive traffic simulations validate its wave-dampening
ability, safety performance, and computational benefits.

I. INTRODUCTION

UNDESIRABLE traffic waves, such as phantom traf-
fic jams [1], significantly reduce travel efficiency, fuel

economy and driving safety. The emergence of connected
automated vehicles (CAVs) promises to greatly mitigate this is-
sue [2]. One typical technology is Cooperative Adaptive Cruise
Control (CACC), which groups a series of CAVs into a platoon
and applies cooperative control strategies to mitigate undesired
traffic oscillations [3], [4]. However, such technologies require
a fully CAV environment while the near future will see a
transition phase of mixed traffic, where human-driven vehicles
(HDVs) coexist with CAVs [5]–[7]. To enhance their societal
benefits, CAVs need to be cooperative with other HDVs that
still take the majority in mixed traffic.

A. CAV Control in Mixed Traffic

Mixed traffic systems are complex human-in-the-loop cyber-
physical systems. Existing research on CAV control in mixed
traffic can be divided into model-based and model-free cate-
gories, depending on how to address human driving behav-
iors. Model-based methods typically rely on classical car-
following models for HDVs, such as the optimal velocity
model (OVM) [8] or the intelligent driver model (IDM) [9].
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Lumping the dynamics of HDVs and CAVs, one can derive
a parametric model of the entire mixed traffic system [6],
allowing for common model-based synthesis approaches, such
as optimal control [10], [11], H∞ control [12], [13] and model
predictive control (MPC) [14], [15]. However, it is non-
trivial to accurately identify HDVs’ car-following behavior,
due to the nonlinearity and stochastic nature of human driving
behaviors. On the other hand, model-free methods for CAV
control, which bypass system identification and directly con-
struct controllers from data, have received increasing attention.
For example, reinforcement learning [16], [17] and adaptive
dynamic programming [18], [19] have shown their potential
in learning wave-dampening strategies for CAVs. Nonetheless,
these model-free methods suffer from several drawbacks, e.g.,
the lack of interpretability, heavy computation burden for of-
fline training, and difficulties of providing safety guarantees.

Recently, a class of data-driven predictive control, which
combines learning methods with the well-established MPC,
has shown promising results for constrained control with
safety performance [20]–[22]. Notably, a recent work in [22]
extends the Data-EnableEd Predictive Control (DeePC) tech-
nique [23] into Leading Cruise Control [24] (LCC) for mixed
traffic, leading to a new notion of DeeP-LCC. Compared with
traditional frameworks such as CACC and Connected Cruise
Control [25], LCC not only enables the CAVs to adaptively
follow the HDVs ahead, but also explores CAVs’ potential
in actively leading the motion of the HDVs behind. Accord-
ingly, LCC is applicable to general cases of mixed traffic
with randomly distributed CAVs [7], and enables system-
wide improvement for global traffic flow [6], [24]. Note that
DeeP-LCC relies on Willems’ Fundamental Lemma [26] for
data-driven behavior representation of a mixed traffic system.
This method requires no prior knowledge of the HDVs’ car-
following behaviors, and explicitly incorporates input/output
constraints (e.g., control saturation and driving safety) into
receding horizon control. Both numerical simulations [22] and
real-world experiments [27] have validated the capability of
DeeP-LCC in achieving optimal and safe control for CAVs.

B. Decentralization and Robustness

Despite the advantages of data-driven methods in addressing
unknown human driving behaviors, the aforementioned studies
are still non-trivial in practical traffic systems due to their
common centralized setup: a central unit is required to collect
trajectory data from all vehicles and to calculate control inputs
for all CAVs in a mixed traffic flow (see [27] for implementa-
tion details). This setup might be suitable for a small number

ar
X

iv
:2

40
1.

15
82

6v
1 

 [
m

at
h.

O
C

] 
 2

9 
Ja

n 
20

24



of vehicles with one or two CAVs, but is not scalable for prac-
tical traffic considering real-time computation, data privacy,
and communication delays [2], [28]. Moreover, the formation
pattern, captured by the spatial distribution pattern of CAVs,
is not fixed in real traffic due to the free joining and leaving
maneuvers of surrounding vehicles [7]. When any formation
changes, the centralized setup requires data recollection and
controller redesign for the entire system. To address this prob-
lem, some very recent research has designed distributed data-
driven predictive control strategies via distributed optimization
techniques [20], [29]. Particularly, the authors in [29] solve
the original centralized DeeP-LCC in a distributed manner
via operator-splitting strategies. However, these distributed
algorithms require multiple iterations to obtain the control
inputs, requiring high-frequency data exchange between CAVs
in a small time period which may be often beyond current
vehicle-to-vehicle communication capabilities [30].

In addition to scalability, robustness against external dis-
turbances also plays a critical role in enhancing the CAVs’
potential in practical traffic. Existing research mostly focuses
on maximizing the mitigation ratio with respect to external
disturbances to improve CAVs’ wave-dampening capability.
Typical tools include string stability analysis [31], [32] or opti-
mal and robust control [11], [33]. However, these studies have
not explicitly addressed safety performance against unknown
disturbances. Very recently, some safety-related techniques
like control barrier function [34] or tube-based MPC [14] have
been proposed, but they require prior knowledge of HDVs’
car-following dynamics. In the centralized DeeP-LCC [22], a
simple constant assumption is made for external disturbances,
which is often inconsistent with human driving behaviors.
Rear-end collisions could still occur due to the mismatch of
future external disturbances for DeeP-LCC [22]. Robust data-
driven control has been discussed in DeePC for applications
in power grids [35], but it is not directly applicable to mixed
traffic control because of different system dynamics.

C. Contributions

In this paper, we develop a decentralized robust data-driven
predictive control approach to improve the scalability, robust-
ness, and data privacy of CAV control in mixed traffic (partic-
ularly in the spirit of DeeP-LCC [22]). As shown in Fig. 1,
we first decentralize the problem by decomposing the entire
mixed traffic system into multiple CF-LCC (Car-Following
Leading Cruise Control) subsystems. Each CAV utilizes the
measurable data from its own subsystem to compute safe
and optimal control inputs. We form a decentralized robust
optimization problem for online predictive control, in which
different disturbance estimation methods are incorporated. We
finally provide an efficient computational method to solve
the robust optimization problem. Some preliminary results are
reported in [36]. Our contributions of this paper are as follows:

• We propose a decentralized DeeP-LCC formulation for
CAVs in mixed traffic with locally measured trajectory
data of each CF-LCC subsystem. Compared with cen-
tralized DeeP-LCC [22], it significantly reduces the

computational time with a smaller amount of required
data. Also, unlike existing distributed optimization ap-
proaches [20], [29], our formulation bypasses frequent
inter-vehicle communications between neighboring sub-
systems and naturally contributes to better data privacy.

• We robustify the decentralized DeeP-LCC with appropri-
ate disturbance estimation methods to handle the coupling
constraints between CF-LCC subsystems. The distur-
bance bound is estimated based on the system dynamics
of the mixed traffic system. Integrating a time-varying
disturbance estimation with the aforementioned robustifi-
cation, our method provides better safety guarantees for
each CAV while maintaining comparable wave-damping
performance with respect to centralized DeeP-LCC [22].

• Finally, we provide an efficient computational method
to solve the decentralized robust DeeP-LCC problem.
The robustification and safety requirements of the mixed
traffic system significantly increase the computational
complexity of online predictive control. For this aspect,
we compare and analyze two computational methods,
which are motivated and adapted from robust optimiza-
tion literature [37], [38]. We have further developed an
efficient automatic transformation that reformulates each
decentralized robust DeeP-LCC problem into its stan-
dard conic form, reducing the modeling time compared
to general tools, such as YALMIP [39].

Numerical experiments validate the superior performance
of our decentralized robust DeeP-LCC in terms of both
computational efficiency and safety performance. In particular,
its computational time is 0.058 s, which is 85.1% less than the
centralized DeeP-LCC, facilitating its real-time computation.
Moreover, in our experiments, it achieves 0% violation rate
for safety constraints when using both small (T = 700) and
large (T = 1500) data sets, while these numbers are 99%
and 88% respectively, for the normal DeeP-LCC without
robustification [22].

D. Paper Structure

The remainder of this paper is structured as follows. Sec-
tion II reviews the basics of centralized DeeP-LCC. The
formulation of decentralized robust DeeP-LCC is introduced
in Section III, and the disturbance estimation methods are
discussed in Section IV. Section V analyzes different compu-
tational approaches. Section VI illustrates our numerical traffic
simulations. Finally, Section VII concludes this paper.

Notations: We denote N as the set of all natural num-
bers. We use 0 and I as a zero matrix and an iden-
tity matrix with a compatible size. For a series of vectors
a1, a2, . . . , an and matrices A1, A2, . . . , An with the same col-
umn size, we denote col(a1, a2, . . . , am) = [aT1 , a

T
2 , . . . , a

T
n]

T

and col(A1, A2, . . . , Am) = [AT
1 , A

T
2 , . . . , A

T
n]

T. For a vector
a and a square matrix X , We also denote ||a||2X = aTXa, and
diag(D1, D2, . . . , Dn) denotes a block-diagonal matrix with
diagonal blocks D1, D2, . . . , Dn. The floor function ⌊α⌋ gives
the largest integer that is less than α. Finally, we denote the
Kronecker product between matrices A and B as A⊗B.



Fig. 1. Schematic of centralized and decentralized robsut DeeP-LCC for CAVs in mixed traffic. (a) Centralized DeeP-LCC. It collects the data of the whole
mixed traffic system, including velocity errors of all vehicles (black dashed arrow) and spacing errors of CAVs collectively (blue dashed arrow), and utilizes
these data to design control input of CAVs (red squiggle arrow). (b) Decentralized robust DeeP-LCC. It decomposes the mixed traffic system into multiple
CF-LCC subsystems and only requires locally available data. The dynamic coupling between subsystems is modeled as the disturbance (purple squiggle arrow).

II. REVIEW OF CENTRALIZED DEEP-LCC
AND PROBLEM STATEMENT

In this section, we briefly review the modeling process for
mixed traffic system consisting of multiple CAVs and HDVs
and the centralized DeeP-LCC [22]. In the end, we give a
precise problem statement for this work.

A. Input/Output of Mixed Traffic System

As shown in Fig. 1, we consider a general single-lane mixed
traffic system with one head vehicle, indexed as 0, and n fol-
lowing vehicles, indexed as 1, . . . , n from front to end. Among
the following vehicles, there exist q CAVs, n−q HDVs and the
i-th CAV is indexed as li (1 ≤ l1 < l2 < · · · < lq ≤ n). The
number of the HDVs between CAVs i and i+1 is represented
as mi, i.e., mi = li+1 − li. We denote the index set Ω for all
the following vehicles, S for all the CAVs, Fi for the HDVs
between CAV i and CAV i+ 1, and F for all the HDVs:

Ω = {1, 2, . . . , n}, S = {l1, l2, . . . , lq},
Fi = {li, li + 1, . . . , li +mi}, F = F1 ∪ . . .Fn.

The position, velocity, and acceleration of vehicle i at time
t are denoted as pi(t), vi(t) and ai(t), i ∈ Ω, respectively.
The spacing between vehicle i and its preceding vehicle i− 1
is denoted as si(t) = pi−1(t) − pi(t), and their relative
velocity is ṡi(t) = vi−1(t) − vi(t). At an equilibrium state,
all vehicles move at an identical velocity v∗ and maintain
the corresponding equilibrium space s∗i , which may vary from
different vehicles. We consider the error state of each vehicle
with respect to its equilibrium state to facilitate system analysis
and controller design. In particular, the velocity error and
spacing error for each vehicle are defined as:

ṽi(t) = vi(t)− v∗, s̃i(t) = si(t)− s∗i , i ∈ Ω.

We then utilize the aggregation of the velocity and spacing
errors of the following vehicles to represent the global state
x ∈ R2n of the mixed traffic system, given by

x(t) =
[
s̃1(t), ṽ1(t), s̃2(t), ṽ2(t), . . . , s̃n(t), ṽn(t)

]T
. (1)

The state (1) is not fully measurable. Indeed, due to the un-
known car-following behaviors of HDVs, it is impractical to
obtain the equilibrium spacing s∗i , i ∈ F for HDVs. The
measurable output of the traffic system consists of velocity
errors for all vehicles and spacing errors for CAVs only, as
we can estimate the equilibrium velocity v∗ from the head
vehicle and design equilibrium spacing s∗i for CAVs (i ∈ S).
Accordingly, the output y(t) ∈ Rn+q is defined as

y(t) =
[
ṽ1(t), ṽ2(t), . . . , ṽn(t), s̃l1(t), . . . , s̃lq (t)

]T
. (2)

As widely used before [6], [11], [25], we assume the
acceleration of each CAV can be directly controlled in this
study. We denote ui(t) = ai(t) ∈ R as the control input of
each CAV (i ∈ S). Then, The control input of the entire mixed
traffic system u(t) ∈ Rq is defined as

u(t) =
[
ul1(t), ul2(t), . . . , ulq (t)

]T
. (3)

Additionally, the head vehicle’s velocity error is considered as
an external disturbance signal since it cannot be controlled,
which is denoted as

ϵ(t) = ṽ0 = v0(t)− v∗. (4)

Upon defining the state (1), output (2), input (3) and distur-
bance (4), after linearization and discretization, the parametric
model of the mixed traffic system can be derived as{

x(k + 1) = Ax(k) +Bu(k) +Hϵ(k),

y(k) = Cx(k),
(5)

where k denotes the discrete time step and the specific form of
the matrices A ∈ R2n×2n, B ∈ R2n×q, C ∈ R(n+q)×2n, and
H ∈ R2n can be found in [22, Section II-C]; also see [24].

One goal of CAV control is to design suitable input u(t) in
(3) to smooth the mixed traffic flow, represented by x(t) in
(1), based on the observation y(t) in (2), in the presence of the
external disturbance ϵ(t). We remark that the parametric model
(5), characterized by matrices A,B,C,H , is not available
for controller design due to the unknown HDVs’ behavior.



To address this, the recently emerging data-driven methods,
particularly the centralized DeeP-LCC [22], bypass system
identification and directly use the input/output trajectories for
traffic behavior prediction and CAV control.

B. Basics of Centralized DeeP-LCC

The centralized DeeP-LCC [22] adapts and extends the
standard DeePC [23] for CAV control in mixed traffic. It
utilizes a pre-collected input/output trajectory to construct
a data-driven behavior representation for the mixed traffic
system (5). The pre-collected data needs to be rich enough,
which is required by a persistent excitation condition.

Definition 1 (Persistently Exciting): The sequence of signal
ω = col(ω(1), ω(2), . . . , ω(T )) with length T (T ∈ N) is
persistently exciting of order L (L < T ) if its associated
Hankel matrix with depth L has full row rank:

HL(ω) =


ω(1) ω(2) · · · ω(T − L+ 1)
ω(2) ω(3) · · · ω(T − L+ 2)

...
...

. . .
...

ω(L) ω(L+ 1) · · · ω(T )

 .

We start by collecting a length-T input/output data sequence
from the mixed traffic system:

ud = col(ud(1), ud(2), . . . , ud(T )) ∈ RqT ,

ϵd = col(ϵd(1), ϵd(2), . . . , ϵd(T )) ∈ RT ,

yd = col(yd(1), yd(2), . . . , yd(T )) ∈ R(n+q)T ,

(6)

and then partition associated Hankel matrices into past data
with length Tini and future data with length N[

UP
UF

]
:= HL(u

d),

[
EP
EF

]
:= HL(ϵ

d),

[
YP
YF

]
:= HL(y

d), (7)

where L = Tini+N , and UP and UF consist of the first Tini rows
and the last N rows of HL(u

d), respectively (similarly for EP
and EF, YP and YF). We note that the mixed traffic system (5)
is controllable [24] and we have the following result.

Proposition 1 ([22, Proposition 2]): Let the most recent past
input trajectory with length Tini and the future input trajectory
with length N as uini = col(u(t−Tini), u(t−Tini+1), . . . , u(t−
1)) and u = col(u(t), u(t+1), . . . , u(t+N−1)), respectively
(similarly for ϵini, ϵ, yini, y). If the offline data ūd := col(ud, ϵd)
is persistently exciting of order L + 2n, then the online data
col(uini, ϵini, yini, u, ϵ, y) is a valid length-L trajectory of (5) if
and only if there exists g ∈ RT−Tini−N+1 such that

UP
EP
YP
UF
EF
YF

 g =


uini
ϵini
yini
u
ϵ
y

 . (8)

If Tini ≥ l, where l denotes the lag of system (5), y is uniquely
determined from (8) for each pair of uini, ϵini, yini, u and ϵ.

The data-driven behavior representation (8) holds for the
linear time-invariant mixed traffic system (5). Given the non-
linear and nondeterministic nature of practical mixed traffic,

the centralized DeeP-LCC [22] further adapts (8) and solves
the following optimization problem at each time step t:

min
g,σy,u,y

J(y, u, g, σy) (9a)

subject to


UP
EP
YP
UF
EF
YF

 g =


uini
ϵini
yini
u
ϵ
y

+


0
0
σy

0
0
0

 , (9b)

ϵ = 0N , y ∈ Y, u ∈ U , (9c)

where (uini, ϵini, yini) is an initial trajectory that needs to be
updated at each time step. We will detail the cost function
J(y, u, g, σy), slack variable σy , output constraint Y and input
constraint U in Section III-B (see (14a), (14c), (14d)). One key
aspect of DeeP-LCC (9) is the data-driven behavior predictor
(9b) from Proposition 1, which requires no model information.
For the future disturbance ϵ, its value is estimated as 0N in
[22] (see (9c)) based on the assumption that the head vehicle
always tries to maintain its equilibrium state.

C. Problem Statement

Despite its promising numerical [22] and experimental per-
formance [27], the original DeeP-LCC (9) has two major lim-
its: 1) its centralized control setup and 2) the simplistic zero
assumption of the future external disturbance in (9c). In partic-
ular, as shown in Fig. 1(a), the centralized DeeP-LCC requires
global information of the whole traffic system to solve (9).
Given a practical mixed traffic system with multiple CAVs
and HDVs, the length of pre-collected data (6) might be huge,
affecting data privacy, communication burden, and numerical
efficiency of solving (9) in real time. Moreover, the zero future
velocity error estimation (i.e., ϵ = 0N ) is not consistent with
the real-world driving behaviors, and strong oscillations may
happen during the occurrence of traffic waves. An inaccurate
estimation results in a mismatch between prediction and real
traffic behavior, posing safety concerns (rear-end collisions).

In this work, our first objective is to address the centralized
and zero disturbance settings, formally stated as follows:

Problem 1 (Decentralization and Robustification): Develop
a decentralized and robust formulation of DeeP-LCC, which
relies on locally available data and incorporates explicit con-
siderations of potential future disturbances.

Our strategy is to decompose the entire mixed traffic system
into a series of subsystems, and formulate a robust optimiza-
tion problem against an uncertainty set of future disturbances,
which will be detailed in Section III. Then, we need an
appropriate uncertainty estimation for the future disturbance ϵ.
This is our second objective, addressed in Section IV.

Problem 2 (Disturbance Estimation and Approximation):
Estimate an accurate disturbance set from the historical data
of the preceding vehicle’s velocity error and develop a low-
dimension approximation.

Finally, the third objective is to establish an efficient com-
putation method for the robust data-driven predictive control.



Problem 3 (Efficient Computations): Develop a computa-
tionally efficient method to solve the decentralized robust
DeeP-LCC online at each time step.

For this objective, we will exploit the problem structure
of DeeP-LCC and adapt techniques from robust optimiza-
tion [37] [38]. Details will be presented in Section V.

III. DECENTRALIZED ROBUST DEEP-LCC

In this section, we present a new decentralized robust
DeeP-LCC formulation to control CAVs in mixed traffic. In
particular, we first divide the whole traffic system in Fig. 1 into
multiple subsystems, called Car-Following LCC (CF-LCC).
We then derive a data-driven representation for each CF-LCC
subsystem, allowing for its local DeeP-LCC formulation.

A. Input/Output of CF-LCC Subsystem
As shown in Fig. 1, by exploiting the cascading structure,

the entire mixed traffic with q CAVs can be naturally divided
into q subsystems, each of which represents a small mixed
traffic system with one CAV li and its following mi HDVs
(denoted by Fi). These subsystems are called CF-LCC in [24],
as each CAV leads the motion of the HDVs behind it while
following one single vehicle immediately ahead, which is typ-
ically HDV li− 1 (but could also be CAV li−1 if Fi−1 = ∅).

Here, we focus on the dynamics of each CF-LCC subsystem
and view the coupling dynamics between two neighboring CF-
LCC subsystems as an external disturbance. Similar to (1)-(4)
for the global mixed traffic system, the state xi(t) ∈ R2(mi+1)

of the i-th CF-LCC is defined as

xi(t)=[s̃li(t),ṽli(t),s̃li+1(t),ṽli+1(t),· · ·,s̃li+mi
(t),ṽli+mi

(t)]T,

and the output yi(t) ∈ Rmi+2 is defined as

yi(t) = [ṽli(t), ṽli+1(t), ṽli+2(t), . . . , ṽli+mi(t), s̃li(t)]
T,

and the control input ui(t) is the control signal of the CAV,
which is uli(t) ∈ R. In addition, the velocity error of the
preceding vehicle is considered as an external disturbance:

ϵi(t) = ṽli−1 = vli−1 − v∗ ∈ R. (10)

Similar to (5), the linearized discrete-time state-space model
of the i-th CF-LCC subsystem can be written as{

xi(k + 1) = Aixi(k) +Biui(k) +Hiϵi(k),

yi(k) = Cixi(k),
(11)

where Ai, Bi, Ci and Hi can be found in [24].

B. Data-driven Representation and Local DeeP-LCC
The CF-LCC model (11) (i.e., the knowledge of Ai, Bi, Ci

and Hi) is unknown in practice. We here derive a data-driven
representation for the dynamics of each CF-LCC subsystem,
allowing for the construction of the local DeeP-LCC.

Offline Data Collection: We collect an input/output trajec-
tory of length Ti for the i-th subsystem:

ud
i = col(ud

i (1), u
d
i (2), . . . , u

d
i (Ti)) ∈ RTi ,

ϵd
i = col(ϵd

i (1), ϵ
d
i (2), . . . , ϵ

d
i (Ti)) ∈ RTi ,

yd
i = col(yd

i (1), y
d
i (2), . . . , y

d
i (Ti)) ∈ R(mi+2)Ti .

These collected data are then used to construct the Hankel
matrix of order L, which is partitioned as follows:[

Ui,P
Ui,F

]
:=HL(u

d
i ),

[
Ei,P
Ei,F

]
:=HL(ϵ

d
i ),

[
Yi,P
Yi,F

]
:=HL(y

d
i ), (12)

where Ui,P and Ui,F consist of the first Tini rows and the last
N rows of HL(u

d
i ), respectively (similarly for Ei,P and Ei,F,

Yi,P and Yi,F).
Online Behavior Representation: We will utilize the Han-

kel matrix (12) for online behavior predictions of CF-LCC. We
have the following result.

Proposition 2 ([29, Lemma 2]): At time step k, denote the
most recent past input sequence ui,ini with length Tini and the
future input sequence ui with length N as

ui,ini = col(ui(k − Tini), ui(k − Tini + 1), . . . , ui(k − 1)),

ui = col(ui(k), ui(k + 1), . . . , ui(k +N − 1)),

and ϵi,ini, ϵ, yini and y are denoted similarly. If the data
sequence ūd

i = col(ud
i , ϵ

d
i ) is persistently exciting of order

L + 2(mi + 1) (where L = Tini + N ), then the sequence
col(ui,ini, ϵi,ini, yi,ini, ui, ϵi, yi) is a valid trajectory with length
L of the CF-LCC subsystem (11), if and only if there exists
a vector gi ∈ RTi−L+1 such that

Ui,P
Ei,P
Yi,P
Ui,F
Ei,F
Yi,F

 gi =


ui,ini
ϵi,ini
yi,ini
ui

ϵi
yi

 . (13)

If Tini is no smaller than the lag of system (11), then the future
output yi is unique for fixed (ui,ini, ϵi,ini, yi,ini, ui, ϵi).

This proposition establishes a data-driven representation of
the dynamics of the CF-LCC subsystem (11), i.e., all of its
valid trajectories can be expressed as a linear combination
of the pre-collected trajectories, which are encoded in the
Hankel matrices (12). Accordingly, one can directly utilize the
local pre-collected trajectories (ud

i , ϵ
d
i , y

d
i ) to predict the future

output yi given the input ui, the disturbance ϵi, and the initial
condition (ui,ini, ϵi,ini, yi,ini).

Using local data representation (13), we formulate the local
DeeP-LCC for the i-th CF-LCC at each time step k as

min
gi,σyi

,ui,ϵi,yi

Vi(ui, yi) + λgi ||gi||22 + λyi ||σyi ||22 (14a)

subject to


Ui,P
Ei,P
Yi,P
Ui,F
Ei,F
Yi,F

 gi =


ui,ini
ϵi,ini
yi,ini
ui

ϵi
yi

+


0
0
σyi

0
0
0

 , (14b)

s̃min ≤ G1yi ≤ s̃max, (14c)
umin ≤ ui ≤ umax, (14d)
ϵi = ϵi,est, (14e)



Algorithm 1 Decentralized Robust DeeP-LCC
Input: Pre-collected local data (ud

i , ϵ
d
i , y

d
i ) for i-th subsystem,

initial time step k0, terminal time step kf ;
1: Construct data Hankel matrices for input, disturbance and

output as Ui,P, Ui,F, Ei,P, Ei,F, Yi,P, Yi,F;
2: Initialize the most recent past traffic data (ui,ini, ϵi,ini, yi,ini)

before the initial time k0;
3: while k0 ≤ k ≤ kf do
4: Estimate Wi from ϵi,ini;
5: Solve (16) and get optimal predicted input u∗

i =
col(u∗

i (k), u
∗
i (k + 1), . . . , u∗

i (k +N − 1));
6: Apply the input ui(k)← u∗

i (k) to the i-th CAV;
7: k ← k + 1;
8: Update past local data (ui,ini, ϵi,ini, yi,ini);
9: end while

where Vi(ui, yi) penalizes the output deviation from equilib-
rium states and the energy of the input:

Vi(ui, yi) = ||ui||2Ri
+ ||yi||2Qi

, (15)

with R ∈ SN×N
+ and Q ∈ SN(mi+2)×N(mi+2)

+ . The con-
straint (14b) is used for online behavior prediction (see
Proposition 2), while the constraints (14c) and (14d) are used
to ensure safety and driving comfort, respectively. Precisely,
G1 = IN ⊗

[
01×(mi+1), 1

]
selects the spacing of the CAV

from the output vector yi, and s̃min, s̃max and umax, umin

denote the upper and lower bounds for the spacing error and
the control input, respectively. The constraint (14e) denotes the
estimation of future velocity errors of the preceding vehicle.

Note that Proposition 2 only works for LTI mixed traffic
systems with no measurement noises. Yet, any practical mixed
traffic system is nonlinear with noises, and therefore, we
introduce the regularization term ||gi||22 to mitigate overfitting
caused by noisy data, the extra decision variable σy to ensure
the feasibility of the optimization problem, and the term ∥σy∥22
to penalize the deviation from the initial condition (which is
consistent with the original DeePC [23]). Coefficients λg and
λy are weighting parameters, and λy is usually large enough to
satisfy the system’s initial condition; see [40], [41] for details.

Remark 1 (Coupling dynamics and estimation of future
velocity errors): The local DeeP-LCC in (14) designs the
CAV’s control input based on an estimated future velocity
error trajectory ϵi of the preceding vehicle. A naive choice
is the simplistic zero assumption in centralized DeeP-LCC
(i.e., ϵi,est = 0N ). This inaccurate estimation will cause a
mismatch between the prediction and real behavior, which
degrades control performance and may lead to a collision.
In [29], the value of ϵi,est is approximated through inter-vehicle
data exchange via a distributed algorithm, where impractical
high-frequency data exchange is required. In this paper, we
estimate a set of potential future velocity error trajectoriesWi,
which is more likely to contain the real trajectory. We then
require the online optimization (14) to consider the worst
performance against all trajectories in Wi and establish a
robust formulation. □

Fig. 2. Schematic of comparison between centralized and decentralized robust
DeeP-LCC. The Hankel matrix is partitioned into the past trajectories (repre-
sented by blue columns) and future trajectories (represented by red columns).
The future external disturbance is represented by purple squiggle arrows.

C. Decentralized Robust DeeP-LCC Formulation

As discussed in Remark 1, instead of considering a single
velocity error trajectory, we introduce a velocity error set Wi

as the estimation, i.e., ϵi ∈ Wi (the design of this set Wi will
be detailed in Section IV). Our key idea here is to formulate an
online robust optimization problem by considering the worst
performance againstWi. The decentralized robust DeeP-LCC
formulation is formally presented as follows:

min
gi,σyi

,ui,yi

max
ϵi∈Wi

Vi(ui, yi) + λgi ||gi||22 + λyi
||σyi
||22

subject to (14b), (14c), (14d).
(16)

For notational simplicity, we will use cDeeP-LCC and
dDeeP-LCC to represent centralized DeeP-LCC (9) and
decentralized robust DeeP-LCC (16), respectively. Compared
with the basic version (14), this robust formulation (16)
improves the online behavioral prediction and thus provides
a better safety performance (our numerical experiments also
validate this). In the implementation of dDeeP-LCC, (16)
is solved in a receding horizon manner, and we re-estimate
Wi iteratively based on the updated velocity errors of the
preceding vehicles at each time k (see Section IV for details).
Overall, Algorithm 1 lists the procedure of dDeeP-LCC.

Remark 2 (Centralized vs decentralized formulations): In
general, cDeeP-LCC considers the entire mixed traffic system
with aggregated input u(t) and output y(t) (see Fig. 2(a)).
In contrast, dDeeP-LCC focuses on each CF-LCC subsystem
(see Fig. 2(b)) which is more scalable in terms of computation,
communication and data privacy. Note that the external distur-
bance ϵ is simply estimated as zeros in cDeeP-LCC (which
is unrealistic), while a set of trajectories (ϵi ∈ Wi) is under
consideration in dDeeP-LCC. Additionally, the velocity error
of the preceding vehicle, shown in (10), indeed comes from
the dynamics of the (i− 1)-th CF-LCC subsystem. Thus, CF-



LCC subsystems are coupled in a cascading structure, forming
the mixed traffic. Our cDeeP-LCC decouples the coupling
dynamics as a bounded disturbance using ϵi ∈ Wi. □

Remark 3 (Data requirement in dDeeP-LCC): The central-
ized cDeeP-LCC collects inputs and outputs of all vehicles
to construct the associated Hankel matrix for the entire mixed
traffic system, while dDeeP-LCC only uses the local input
and output to form the Hankel matrix for each CF-LCC
subsystem. Thus, our dDeeP-LCC requires less pre-collected
data for online behavioral prediction because of the smaller
system’s dimension, leading to less complexity for online
optimization. In particular, persistently exciting conditions in
Propositions 1 and 2 require Hankel matrices HL+2n(ū

d)
and HL+2(mi+1)(ū

d
i ) to have full row rank. To make them

square matrices, the minimum data lengths Lcen and Ldecen for
cDeeP-LCC and dDeeP-LCC are, respectively, as

Lcen = (q + 2)(L+ 2n)− 1, (17a)
Ldecen = 3(L+ 2(mi + 1))− 1. (17b)

Recall that q is the number of CAVs. Since the size of each
subsystem is much smaller than the entire system (i.e., we
have q + 2 ≥ 3, n ≫ mi + 1 generally), the dDeeP-LCC
needs much less data for a smaller Hankel matrix; see Fig. 2.
Thus, dDeeP-LCC has a smaller data representation in (13)
which will improve the online computation efficiency. □

IV. DISTURBANCE ESTIMATION AND APPROXIMATION

Estimating the set of velocity error trajectories (ϵi ∈ Wi) is
a key step in dDeeP-LCC that decomposes the whole system
since CF-LCC subsystems are dynamically coupled through
velocity perturbation from their preceding vehicles. In this sec-
tion, we first introduce three disturbance estimation approaches
based on different assumptions of the preceding vehicle. We
then provide a low-dimensional approximation method via a
down-sampling strategy for more efficient implementation.

A. Uncertainty Quantification

Our general strategy is to bound the set of velocity errors
using an N -dimensional polytope

Wi = {ϵi ∈ RN | Aϵϵi ≤ bϵ}, (18)

where Aϵ = col(IN ,−IN ), bϵ = col(ϵi,max, ϵi,min) and
ϵi,min, ϵi,max ∈ RN are the lower and upper bound of ϵ at each
time step. We will estimate the bounds bϵ ofWi for uncertainty
quantification. To avoid an overly conservative bound of future
velocity errors, we estimate the bound bϵ based on the past
velocity errors ϵini and the dynamic of the mixed traffic system.

We consider three different disturbance estimation methods:
1) zero estimation, 2) constant velocity, and 3) constant accel-
eration (see Fig. 3 for illustration). We detail them below:

1) Zero estimation: A simplistic approach is to assume the
future velocity error of the preceding vehicle is around zero,
which is adopted in cDeeP-LCC [22]. This assumption makes
ϵi,min = ϵi,max = 0N and (16) is reduced to (14) with ϵi,est =
0N . We consider this choice as a baseline where we only
decentralize the mixed traffic system without robustification.

Fig. 3. Schematic of three disturbance estimation methods. The purple line
denotes the actual disturbance trajectory, whose past is known while its future
needs to be estimated. The zero estimation is denoted as the black dashed line,
while the time-varying bound estimated set and the constant bound estimated
set are represented as the red region and the blue region, respectively.

2) Constant bound estimation: We here assume a constant
velocity model, i.e., the velocity error of the preceding vehicle
will not deviate from its current value in a short time, and
the variation for the future velocity trajectory is close to its
past trajectory. From the historical disturbance values ϵi,ini,
we can get the value of the current disturbance as ϵi,cur =
ϵi,ini(end), and the disturbance variation can be estimated as
∆ϵi,low = min(ϵi,ini)−mean(ϵi,ini) and ∆ϵi,up = max(ϵi,ini)−
mean(ϵi,ini). Then, the bound of the future disturbance is

ϵi,min = ϵi,cur +∆ϵlow, ϵi,max = ϵi,cur +∆ϵup.

3) Time-varying bound estimation: We then assume a con-
stant acceleration model, i.e., the acceleration of the preceding
vehicle will not deviate significantly from its current value,
and its variation in the future is close to the variation in
the past. The past acceleration can be obtained from ϵi,ini as
ai,ini =

ϵi,ini(k+1)−ϵi,ini(k)
∆t , where ∆t is the sampling time. Uti-

lizing a similar procedure as above, we can estimate the bound
of acceleration variation as ∆ai,low = min(ai,ini)−mean(ai,ini)
and ∆ai,up = max(ai,ini)−mean(ai,ini). Thus, we can derive
the future velocity error in time step k using the bounds below:

ϵi,ini(end) + (ai,cur+∆ai,low) · k∆t ≤ ϵi(k)

≤ ϵi,ini(end) + (ai,cur +∆ai,up) · k∆t.

Fig. 3 illustrates the three different disturbance estimation
methods with a sampled disturbance trajectory. In Fig. 3, we
observe that a large gap can exist between the actual distur-
bance trajectory and the zero assumption. For the constant
bound, the actual disturbance trajectory stays in the estimated
region (see blue region) in the short term, but it then deviates
outside the set. By contrast, the time-varying bound contains
the actual trajectory in the estimated set (see red region) in this
case. In most of our numerical experiments (see Section VI),
the time-varying bounds outperform the other two methods.
This is mainly because the velocity oscillations are usually
low frequency but their amplitude can be high in traffic waves.

Remark 4: There also exist other disturbance estimation
methods in the literature [29], [35]. For distributed optimiza-
tion in [29], high-frequency inter-vehicle communications are
required between two neighboring CF-LCC subsystems to



approximate future disturbances. This might provide more
accurate estimation, but it is non-trivial to implement. For
min-max DeePC in the smart grid in [35], the disturbance
bound is assumed to be the largest set that contains the entire
disturbance trajectory throughout the process. However, this
setup is too conservative for traffic control, degrading the
resulting closed-loop control performance. □

B. Down-sampling Strategy

Due to the exponential growth of the number of constraints
in robust optimization [37], [38], it may not be computation-
ally feasible to use the full estimated disturbance set (18) of
dimension N in problem (16); see our derivation of the con-
straint number in Section V-C. We here use a down-sampling
strategy to reduce the dimension of the disturbance set.

The basic idea is to choose one point for every Ts step along
the N -dimensional disturbance trajectory and perform a linear
interpolation. We denote the low-dimensional representation of
the future disturbance trajectory ϵi as ϵ̃i ∈ Rnϵ where nϵ =
(⌊(N−2

Ts
⌋+ 2). The approximated representation ϵ̂i becomes:

• if 1 ≤ k ≤ k̃ · Ts:

ϵ̂
(k)
i = ϵ̃

(k̄+1)
i + ((k − 1) mod Ts)×

ϵ̃
(k̄+2)
i − ϵ̃

(k̄+1)
i

Ts
;

• if k̃ · Ts < k ≤ N :

ϵ̂
(k)
i = ϵ̃

(k̃+1)
i + (k − k̃ · Ts − 1)× ϵ̃

(k̃+2)
i − ϵ̃

(k̃+1)
i

N − k̃ · Ts − 1
,

where k̄ = ⌊k−1
Ts
⌋ and k̃ = ⌊N−2

Ts
⌋. Then, ϵi ∈ RN can be

represented by ϵ̃i ∈ Rnϵ as

ϵi ≈ ϵ̂i = Eϵϵ̃i, (19)

where ϵ̃i ∈ W̃i and W̃i are estimated using the same
approaches as those for Wi, and Eϵ denotes the linear in-
terpolation process above.

As discussed in [35], using down-sampling by replacing ϵi
with ϵ̂i may fail to cover the worst-case scenario, as the signal
space of ϵ̂i is a subspace of ϵi. Nevertheless, our extensive
traffic simulations in Section VI show that this approximation
method could provide satisfactory traffic control performance.

V. TRACTABLE REFORMULATIONS AND EFFICIENT
COMPUTATIONS

Upon estimating W̃i, the robust optimization problem (16)
is well-defined. To run Algorithm 1, we need to solve (16)
online efficiently. In this section, we first provide a sequence
of reformulations (and relaxations) for (16) since the standard
solvers are not suitable to the current form. We next adapt
techniques from robust optimization [38] into our context, and
develop an efficient automatic transformation that reformulates
each decentralized robust DeeP-LCC problem (16) into a
standard conic form. With slight abuse of notations, we will
use x to denote the decision variable in this section, following
the convention in optimization. For notational simplicity, we
will also omit the subscript i for the i-th CF-LCC subsystem
when it is clear from the context.

A. Reformulations via Constraint Elimination

The equality constraints (14b) in (16) make the robust opti-
mization complicated. We first express the decision variables
gi and yi in terms of ui, σyi

, and ϵ̃i. Recall that ϵi is replaced
by its low-dimensional approximation ϵ̃i from (19). We have

gi = H†
i b+H⊥

i z, (20a)

yi = Yi,Fgi = Yi,FH
†
i b+ Yi,FH

⊥
i z, (20b)

where Hi = col(Ui,P, Ei,P, Yi,P, Ui,F, Ei,F) denotes the Hankel
data matrix for each CF-LCC system, H†

i is its pseudo-inverse
matrix, H⊥ = I −H†H , z is an arbitrary vector in RT−L+1,
and b = col(ui,ini, ϵi,ini, yi,ini+σyi

, ui, Eϵϵ̃i) denotes the vector
on the right-hand side of (14b).

In the following derivation, we set z = 0, which leads to
the least-norm solution of gi for the equality constraint (14b).
After some algebra (see Appendix A), the min-max robust
problem (16) can be rewritten into the form of

min
σyi

,ui

max
ϵ̃i∈W̃i

xTMx+ dTx+ c0 (21a)

subject to s̃min ≤ P1x+ c1 ≤ s̃max, (21b)
umin ≤ P2x ≤ umax, (21c)

where x denotes the decision variables col(ui, σyi , ϵ̃i), the
weight M is a constant positive semidefinite matrix, d is
a constant vector, c0 is a scalar, P1, c1 are constants that
construct yi in (20b) from x, and P2 is an index matrix
extracting ui in (14d) from x. We note that M , P1, P2 can be
pre-computed before running Algorithm 1. Precisely, M , P1

only depend on the Hankel matrix and the weights λg, λy , and
P2 is a constant indexing matrix. On the other hand, d, c0 and
c1 depend on the initial trajectory and need to be computed
at each time step. More details can be found in Appendix A.

We then treat ϵ̃i as uncertainty parameters, eliminate the
constant c0 and transform (21) into the epi-graph form below

min
x,t

t

subject to xTMx+ dTx ≤ t, ∀ϵ̃i ∈ W̃i (22a)

s̃min ≤ P1x+ c1 ≤ s̃max, ∀ϵ̃i ∈ W̃i (22b)
umin ≤ P2x ≤ umax, (22c)

which ensures safety constraints for all ϵ̃i in W̃i.

B. Vertex-based and Duality-based Strategies for Computation

The uncertainty set W̃i is a compact polytope (see Section
IV), and thus (22a) and (22b) have an infinite number of
constraints, which is not directly solvable in the current form.
We here adapt techniques from robust optimization [38] to
solve (22) by exploiting the representations of W̃i.

In particular, it is known that the compact polytope W̃i

has two different representations: 1) internal representations
as its convex hull of extreme points (i.e., its vertices), and 2)
external representations as an intersection of affine subspaces.
We proceed to derive a computable form for each of them,
leading to two different methods respectively: 1) the vertex-
based strategy and 2) the duality-based strategy.



To simplify notations, we denote

W̃i = conv(w1, . . . , wnv) (23a)

W̃i = {ϵ̃i ∈ Rnϵ | Ãϵϵ̃i ≤ b̃ϵ}, (23b)

where nv is the number of extreme points, w1, . . . , wnv ∈ Rnϵ

are the extreme points of W̃i, and Ãϵ = col(Inϵ
,−Inϵ

), b̃ϵ =
col(ϵ̃i,max, ϵ̃i,min) are the low-dimensional approximation for
affine constraints in (18).

The first method is summarized in the following proposition.
Proposition 3 (Method I: Vertex-based Strategy): Using the

extreme point representation (23a), the optimization (22) is
equivalent to the following problem

min
x,t

t

subject to xT
j Mxj + dTxj ≤ t, j = 1, . . . , nv, (24a)

s̃min ≤ P1xj + c1 ≤ s̃max, j = 1, . . . , nv, (24b)
umin ≤ P2x ≤ umax, (24c)

where xj denotes the decision variables col(ui, σyi , wj) by
fixing ϵ̃i to be one of the extreme points wj .

Proof: We only need to prove that (22a) and (22b) are
equivalent to (24a) and (24b), respectively.

The equivalence (22b) ⇔ (24b) is a direct consequence of
the basic result in linear programs (LPs). In particular, the
right-hand inequality of (22b) is the same as

s̃max ≥ max
ϵ̃i∈W̃i

pTl x+ c1,l, l = 1, . . . , N, (25)

where pTl is the l-th row vector in P1, and c1,l is l-th element
in c1. Recall that N is the predication horizon, and (25)
just enforces the spacing error of the i-th CAV to be upper
bounded by the maximum spacing error s̃max for all time
steps. Since (25) is an LP with a bounded feasible region,
the maximum is always attained at one of its vertices of W̃i,
represented in (23a). Therefore, (25) is equivalent to the right-
hand inequality of (24b). Similarly, the argument for the left-
hand inequality of (22b) can be obtained.

The equivalence (22a) ⇔ (24a) requires a slightly different
argument from convex sets. The direction (22a) ⇒ (24a) is
immediate since all vertices are contained in set W̃i. As for
the converse direction (24a)⇒ (22a), we consider any element
ϵ̃i ∈ W̃i. A basic result in convex analysis guarantees the
convex representation

ϵ̃i =

nv∑
j=1

αjwj ,

nv∑
j=1

αj = 1, αj ≥ 0,

where wj , j = 1, . . . , nv are the extreme points (23a). Follow-
ing the same notation in (24), we also have x =

∑nv
j=1 αjxj .

Then, we have

xTMx+ dTx ≤
nv∑
j=1

αj(x
T
j Mx+ dTxj)

≤
nv∑
j=1

αjt = t, ∀ϵ̃i ∈ W̃i,

where the first inequality comes from the fact that xTMx +
dTx is a convex function, and the second inequality is
from (24a). This completes the proof.

Problem (24) is a standard convex problem and can be
solved using existing solvers. However, the number of extreme
points nv can be large even for a simple polytope, which
indicates the number of constraints in (24) can be large. We
next introduce another equivalent formulation that utilizes du-
ality analysis to reduce the number of constraints, which is
summarized below.

Proposition 4 (Method II: Duality-based strategy): Using
the representation as an intersection of affine subspaces (23b),
the optimization (22) is equivalent to the following problem

min
xd,t,λ1,λ2

t

subject to pTl,dxd + b̃Tϵ λl,1 + c1,l ≤ s̃max, (26a)

ÃT
ϵ λl,1 − pl,ϵ = 0, (26b)

− pTl,dxd + b̃Tϵ λl,2 − c1,l ≤ −s̃min, (26c)

ÃT
ϵ λl,2 + pl,ϵ = 0, (26d)

λl,1 ≥ 0, λl,2 ≥ 0, l = 1, 2, . . . , N, (26e)
(24a), (24c),

where xd = col(ui, σyi
) denotes the decision variable, and

λl,1 ∈ R2nv is the dual variable corresponding to the affine
constraints in (25), with λ1 = col(λ1,1λ2,1, . . . , λN,1). Similar
definitions hold for λl,2 and λ2. The coefficients Ãϵ, b̃ϵ can
be found in (23b), and c1,l, pl are the same as (25). We
use pl,d to denote col(pl,u, pl,σy

) with pl being partitioned
as col(pl,u, pl,σy

, pl,ϵ), corresponding to the original variables
ui, σyi

and ϵ̃i, respectively.
Proof: We have shown that (22a) is equivalent to (24a).

We only need to prove the equivalence between (22b) and
(26a) - (26e). Recall that the right-hand inequality of (22b)
is equivalent to the LP in (25). Via duality analysis, we shall
prove that (25) will be the same as (26a), (26b) and (26e). The
argument for the left-hand inequality of (22b) is identical.

To derive the dual of the LPs in (25), we first write its
Lagrangian function for l = 1, . . . , N as

L(ϵ̃i, λl,1) = pTl x+ c1,l + λT
l,1(b̃ϵ − Ãϵϵ̃i)

= (pTl,ϵ − λT
l,1Ãϵ)ϵ̃i + pTl,dxd + λT

l,1b̃ϵ + c1,l.

The dual function is thus given by

h(λl,1) =

{
pTl,dxd + λT

l,1b̃ϵ + c1,l if pTl,ϵ − λT
l,1Ãϵ = 0

−∞ otherwise.

Then, the dual problem for the LPs in (25) becomes

f⋆
l = min

λl,1

pTl,dxd + b̃Tϵ λl,1 + c1,l

subject to ÃT
ϵ λl,1 − pl,ϵ = 0, λl,1 ⪰ 0.

(27)

The strong duality of LPs ensures that (25) is the same as

s̃max ≥ f⋆
l , l = 1, . . . , N. (28)



TABLE I
COMPLEXITY COMPARISON BETWEEN (24) AND (26).

Decision Variables Number Constraints Number

Method I (mi + 2)Tini +N + 1 2nϵ +N · 2nϵ+1 + 2N
Method II (mi + 2)Tini +N + 1 + 4Nnϵ 2nϵ + 2N(3nϵ + 2)

1 We recall that mi is the number of HDVs in the i-th subsystem, Tini is
the length of the initial trajectory, N is the length of prediction horizon
and nϵ is the dimension of the approximated disturbance set.

We can thus replace the right-hand inequality of (22b)
with (27) and (28), leading to a bi-level minimization prob-
lem. Simple algebra allows us to combine both levels1, con-
firming the equivalence between (27) and (26a), (26b), (26e).
This completes our proof.

C. Complexity Comparison and Automatic Transformation

We here compare the complexity of Methods I and II.
One main complexity difference is caused by using different
representations of (25) to derive (22b), which corresponds to
(24b) in Method I and (26a)-(26e) in Method II.

In our problem, the uncertainty set is a polytope with
dimension nϵ and we have nv = 2nϵ . For Method I, (24b)
represents 2N · 2nϵ inequality constraints and its complexity
will increase exponentially as nϵ grows up. Moreover, 2N will
be a relatively large coefficient since the prediction horizon in
our problem is usually larger than 20 (corresponding to 1 s).
For Method II, (26a) - (26e) together represent 2N · (3nϵ+1)
inequality constraints, whose size is much smaller than the
2N ·2nϵ constraints in (24b) given a large value of nϵ. Table I
illustrates the complexity of (24) and (26). As we can observe,
when the prediction horizon N is fixed, Method II has a
smaller complexity than Method I given a large value of nϵ.

The theoretical complexity result is only one key factor that
influences the time consumption. For numerical computation,
we need to convert (24) or (26) into a standard conic opti-
mization before passing them to a numerical solver. For this
process, we find that modeling packages such as YALMIP [39]
often introduce too much overhead time consumption. Also,
similar instances of (24) or (26) need to be converted repeat-
edly for the receding horizon online control in Algorithm 1.
Thus, we here implement an automatic transformation from
(24) or (26) into standard conic optimization, so that they can
be directly solved by solvers (e.g., Sedumi [42], Mosek [43]).

Precisely, their standard conic dual form for (24) or (26)
can be written as

max
y,s

bTy

subject to ATy + s = c

s ∈ K,

(29)

where A is a matrix, y, b, c, s are vectors and K is a cone. We
present a detailed transformation from (24) and (26) to (29) in

1This operation is standard. The interested reader may see, e.g., Section 2.1
of this note: https://zhengy09.github.io/ECE285/lectures/L17.pdf.

(a) Modeling time (b) Solver time

Fig. 4. Comparison of computational time for different methods.

Appendix B. We note that our automatic transformation does
not introduce extra decision variables or constraints.

Here, we use a simple numerical experiment to demonstrate
the advantage of our automatic transformation compared to
modeling packages such as YALMIP [39] for solving (24)
and (26). In particular, we consider two types of time costs:
modeling time and solver time. Modeling time refers to the
time needed to update the parameters of the conic form (29)
in each iteration, while solver time is the time the solver takes
to solve the resulting conic program (29). For the numerical
experiment, we fix the parameters mi = 3, Tini = 20, N = 50
and vary nϵ. For each value of nϵ, we compute 20 instances
using different methods. The results are shown in Fig. 4. As
we can observe, both Vertex-based and Duality-based meth-
ods have comparable computational performance. With the
increase of nϵ, Method I has faster modeling time while
Method II performs slightly better in the solver time. Also,
our automatic transformation provides much faster modeling
time with similar solving time compared to YALMIP. In our
following experiments (Section VI), we will thus use the auto-
matic transformation for Method I to solve dDeeP-LCC (16).

VI. NUMERICAL EXPERIMENTS

In this section, we present three nonlinear and non-
deterministic traffic simulations to validate the performance
of dDeeP-LCC2. The driving behaviors of HDVs are mod-
eled by a nonlinear OVM model, similar to [11]. A noise
with a uniform distribution of U[−0.1, 0.1] m/s

2 is added
to the acceleration signal of each HDV in the simulation.
We utilize dDeeP-LCC(Zero), dDeeP-LCC(Constant), and
dDeeP-LCC(Time-varying) to represent different disturbance
estimation methods in Section IV.

For the mixed traffic system in Fig. 1, we consider a system
with sixteen vehicles behind one head vehicle, among which
there are four CAVs and twelve HDVs (i.e., n = 16, q = 4).
The CAVs are located in the third, sixth, tenth, and thirteenth
vehicles, respectively (i.e., S = {3, 6, 10, 13}). Accordingly,
there are four CF-LCC subsystems, and the corresponding
index sets for HDVs are F1 = {4, 5}, F2 = {7, 8, 9},
F3 = {11, 12} and F4 = {14, 15, 16}. Other parameters are
set as follows:

2All our implementation and experimental scripts can be found at https:
//github.com/soc-ucsd/Decentralized-DeeP-LCC.

https://zhengy09.github.io/ECE285/lectures/L17.pdf
https://github.com/soc-ucsd/Decentralized-DeeP-LCC
https://github.com/soc-ucsd/Decentralized-DeeP-LCC


(a) All HDVs

(b) cDeeP-LCC (c) dDeeP-LCC

Fig. 5. Velocity profiles in Experiment A where the head vehicle is under
sinusoidal perturbation. The black profile represents the head vehicle and
the gray profile represents the HDVs. The red profile (vehicle 3), blue profile
(vehicle 6), orange profile (vehicle 10) and green profile (vehicle 13) represent
the first to the fourth CAV, respectively. (a) All vehicles are HDVs. (b) CAVs
utilize cDeeP-LCC. (c) CAVs utilize dDeeP-LCC.

• Offline data collection: lengths of pre-collected trajecto-
ries are chosen as T = 700 for a small data set and
T = 1500 for a large data set with ∆t = 0.05 s. They
are collected around the equilibrium state of the system
with velocity 15 m/s. We use a uniform distributed signal
of U[−1, 1] to generate both ud and ϵd which satisfies
persistent excitation requirement in Propositions 1 and 2.

• Online predictive control: The prediction horizon and the
initial signal sequence are set to N = 50 and Tini = 20,
respectively. In the cost function (14a), we have λgi = 10,
λyi = 10000, Ri = 0.1IN , Qi = IN ⊗ diag(Qvi , wsi)
where Qvi = diag(1, . . . , 1) ∈ Rmi+1 and wsi = 0.5.
The spacing constraints for the CAVs are set as smax =
40 m, smin = 5 m and the bound of the spacing error
is updated at each time step as s̃max = smax − s∗ and
s̃min = smin−s∗. The acceleration bound of the CAVs is
set to amax = 2 m/s

2 and amin = −5 m/s
2. Note that s∗

is updated in each iteration of Algorithm 1 based on the
current equilibrium state, estimated by the past trajectory
of the head vehicle (as suggested in [22]).

A. Performance Validation around an Equilibrium State

Our first experiment (Experiment A) simulates a traffic wave
scenario by imposing a sinusoidal perturbation on the head
vehicle. This is to validate the performance of dDeeP-LCC in
smoothing traffic waves around a fixed equilibrium point. The
head vehicle accelerates and decelerates periodically around
the equilibrium velocity 15m/s and its velocity profile is
vhead(t) = (15 + 5 · sin(0.2πt)) m/s (see black profile in
Fig. 5). To quantify the closed-loop performance, we consider

TABLE II
MSVE STATISTICS IN EXPERIMENT A

HDVs cDeeP-LCC
dDeeP-LCC

(Zero)
dDeeP-LCC

(Constant)
dDeeP-LCC

(Time-varying)

MSVE 9.25 0.57 1.28 1.33 0.76
Reduction N/A 93.8% 86.2% 85.6% 91.8%

1 Units for MSVE is m2/s2 in this table.

the mean squared velocity error (MSVE), defined as

MSVE =
∆t

n(tf − t0)

tf∑
t=t0

n∑
i=1

(vi(t)− v0(t))
2,

where t0 and tf denote the start and end time of the simulation.
As shown in Fig. 5(a), when all vehicles are HDVs, the

amplitude of velocity perturbation from the head vehicle is
amplified along the vehicle string. In contrast, when the CAVs
are equipped with either cDeeP-LCC or dDeeP-LCC(Time-
varying), the amplitude of these perturbations is greatly re-
duced, as shown in Fig. 5(b) and Fig. 5(c), respectively. Also,
dDeeP-LCC(Time-varying) reduces 91.8% of the MSVE,
which is comparable to 93.8% for cDeeP-LCC; see Ta-
ble II. This indicates that dDeeP-LCC with an appropriate
disturbance estimation method can effectively dissipate traffic
waves with negligible performance degradation compared with
cDeeP-LCC. One major benefit of dDeeP-LCC is its compu-
tational scalability, thanks to the decentralization. We discuss
this in Section VI-D after introducing other experiments.

B. Traffic Improvement in Comprehensive Simulations

Our next Experiment B validates the performance of
dDeeP-LCC in a comprehensive simulation scenario with
time-varying equilibrium states. In particular, we consider the
New European Driving Cycle (NEDC) [44], where the velocity
profile for the head vehicle is shown in the black profile
in Fig. 6. We also compute the fuel consumption of 4 CF-
LCC subsystems for comparison. The fuel consumption rate
fi (mL/s) for the i-th vehicle is calculated by [45]

fi =

{
0.444 + 0.090Rivi + [0.054a2i vi]ai>0, if Ri > 0,

0.444, if Ri ≤ 0,

where ai represents the acceleration of vehicle i and Ri =
0.333 + 0.00108v2i + 1.200ai; see [45] for details.

Fig. 6 shows the velocity profiles for cDeeP-LCC and
dDeeP-LCC utilizing different estimation methods with two
data sets (T = 700, 1500). When using the large data set
(T = 1500), all the methods enable the CAVs to track
the desired velocity and smooth traffic flow (red curves
in Fig. 6). By contrast, when using the small data set
(T = 700), both cDeeP-LCC and dDeeP-LCC(Zero) fail
to stabilize the closed-loop traffic (blue curves in Fig. 6(a)
6(b)). Still, dDeeP-LCC(Constant) and dDeeP-LCC(Time-
varying) can stabilize the mixed traffic system. Moreover,
dDeeP-LCC(Time-varying) achieves the best car-following



(a) cDeeP-LCC (b) dDeeP-LCC(Zero)

(c) dDeeP-LCC(Bound) (d) dDeeP-LCC(Time-varying)

Fig. 6. Velocity profiles in Experiment B. The black profile denotes the head vehicle. The red profiles and the blue profiles represent the data-driven control
for CAVs with data sets of size T = 1500 and T = 700, respectively. (a) The CAV utilizes cDeeP-LCC. (b)(c)(d) The CAV utilizes dDeeP-LCC with
zero, constant bound and time-varying bound estimation approaches.

TABLE III
FUEL CONSUMPTION COMPARISON (UNIT: mL)

HDVs cDeeP-LCC
dDeeP-LCC

Zero Constant Time-varying

NEDC 6548.36 6346.16 6388.47 6360.69 6356.14

Braking 1296.15 894.68 900.36 880.35 874.35

behaviors for the CAVs with the smallest velocity oscillations
(see the blue curves in Fig. 6(d)).

Compared with dDeeP-LCC(Time-varying), the perfor-
mance degradation of the other methods is caused by the
behavior representation error due to a smaller data set and
the disturbance estimation error. Both types of errors can lead
to a mismatch between the online prediction and real system
behavior. We note that, via (17), the theoretical minimum data
length is 611 for a centralized setting and 233 for a decentral-
ized setting (computed using the largest subsystem). Since we
use a linearized model to approximate the nonlinear system,
the data length needs to be much larger than the theoretical
value. Thus, cDeeP-LCC relies on a relatively large data set
(T = 1500) for a valid representation of the entire system
behavior, while the small data set (T = 700) is not large
enough which fails to stabilize the closed-loop performance. In
dDeeP-LCC, from the zero bound, the constant bound to the
time-varying bound, the estimation error decreases and pro-
vides more margin for potential representation errors, leading
to improved control performance. Thus, dDeeP-LCC(Time-
varying) outperforms other methods for a small data set.

The fuel consumption results with the large data set (T =
1500) are listed in the first row of Table III, and a detailed
comparison between cDeeP-LCC and dDeeP-LCC(Time-

TABLE IV
FUEL CONSUMPTION COMPARISON IN EXPERIMENT B (UNIT: mL)

All HDVs cDeeP-LCC dDeeP-LCC

Phase 1 749.23 700.99 (↓ 6.44%) 699.89 (↓ 6.58%)
Phase 2 1351.18 1331.75 (↓ 1.44%) 1333.29 (↓ 1.32%)
Phase 3 2904.48 2882.21 (↓ 0.77%) 2886.86 (↓ 0.61%)
Phase 4 1304.59 1191.91 (↓ 8.64%) 1196.34 (↓ 8.30%)

Total Process 6548.36 6346.16 (↓ 3.09%) 6356.14 (↓ 2.94%)
1 We use time-varying bound estimation for dDeeP-LCC in this table.

varying) is shown in Table IV. Compared with the case with
all HDVs, all control methods can reduce fuel consump-
tion, and the dDeeP-LCC(Time-varying) performs the best
among different disturbance estimation methods. Also, we
observe from Table IV that the improvement of implementing
DeeP-LCC in the braking phase (Phases 1 and 4) is higher
than the accelerating phases (Phases 2 and 3). Moreover, the
dDeeP-LCC(Time-varying) achieves comparable fuel econ-
omy as the cDeeP-LCC, 2.94% and 3.09% for overall
reduction of fuel consumption.

C. Safety Performance in Emergence Braking

Our last Experiment C uses an emergency braking sce-
nario to validate the safety performance of dDeeP-LCC with
different disturbance estimation methods. The head vehicle
that moves at 15m/s will brake with maximum deceleration
−5m/s2, remain at 5m/s for a while and accelerate back
to 15m/s. We carry out the same experiment for all the
dDeeP-LCC controllers with 100 small data sets (T = 700)
and 100 large data sets (T = 1500). As discussed in Sec-
tion IV-A, we take the zero estimation as a baseline since it can
be considered as applying cDeeP-LCC for each subsystem
without robustification. We recall that the safety spacing
constraint for the CAV is set from 5m to 40m. The “violation”



TABLE V
COLLISION AND SAFETY CONSTRAINT VIOLATION RATE

Zero Constant Time-varying

T =700 T =1500 T =700 T =1500 T =700 T =1500

Violation 99% 88% 0% 0% 0% 0%
Emergency 97% 68% 0% 0% 0% 0%

(a) Large offline data set with T = 1500

(b) Small offline data set with T = 700

Fig. 7. Simulation results in Experiment C. The black profile and the gray
profile denote the head vehicle and the preceding vehicle, respectively. The
orange profile, blue profile and the green profile represent dDeeP-LCC(Zero),
dDeeP-LCC(Constant) and dDeeP-LCC(Time-varying) respectively, while
the purple profile corresponds to the all HDV case. (a) and (b) show the
velocity and spacing profiles at different sizes of data sets.

and “emergency” are defined as cases where at least one CAV’s
spacing deviates more than 1m and 5m from the safe range,
respectively. We note that one of the following three undesired
situations will happen when an emergency occurs: 1) A rear-
end collision happens; 2) The CAV’s spacing is too large
which decreases the traffic capacity; 3) The controller can not
stabilize the mixed traffic system.

The safety performance results are listed in Table V. With
large data sets, dDeeP-LCC(Zero) has a high violation rate
and emergency rate, which are 88% and 68% respectively,
while the other two methods can provide much better safety
guarantee (0% violation rate). The zero estimation method
shows the worst robustness performance against large distur-
bances, which leads to a high risk of rear-end collisions. Given
the small data sets, the violation rate and emergency rate for
both dDeeP-LCC(Constant) and dDeeP-LCC(Time-varying)
remain 0%, but they are close to 100% for dDeeP-LCC(Zero).
Moreover, dDeeP-LCC(Time-varying) performs the best in
reducing the fuel consumption among all methods with the
large data set (T = 1500) as shown in the second row of Table
III which decreases 32.5% fuel cost compared with the case of
all HDVs. These results validate the superior performance of
dDeeP-LCC(Time-varying), which works for small data sets
and can also provide the best safety performance.

TABLE VI
COMPUTATION TIME (SECONDS)

cDeeP-LCC
dDeeP-LCC

Zero Constant Time-varying
Traffic Wave 0.41 0.030 0.059 0.059

NEDC 0.37 0.032 0.059 0.057
Braking 0.39 0.027 0.057 0.059

In Fig. 7, we further illustrate the trajectories of the first
CAV to compare the performance of utilizing different dis-
turbance estimation methods. Compared with the case of all
human drivers, we observe that all methods using a large
data set can smooth the traffic flow. However, using a small
data set, dDeeP-LCC with both zero and constant bound
estimation approaches leads to undesired velocity oscilla-
tions. For the spacing profiles, dDeeP-LCC(Time-varying)
and dDeeP-LCC(Constant) satisfy the safety constraint for
both large and small data sets, but dDeeP-LCC(Zero) is likely
to cause a rear-end collision at a small data set. Although
the safety constraint is imposed in dDeeP-LCC(Zero), the
mismatch between the prediction and real system behavior
leads to its failure in the implementation. This is due to
the oversimplified assumption in dDeeP-LCC(Zero) that the
preceding vehicle tracks the equilibrium velocity accurately.
On the other hand, the dDeeP-LCC(Time-varying) relies on a
more accurate estimation of the future disturbances, and intro-
duces a robust design that requires safety satisfaction for all the
possible future disturbances. Therefore, dDeeP-LCC(Time-
varying) provides a much better safety guarantee with a
smoother velocity profile.

D. Computational Efficiency of dDeeP-LCC

Finally, we compare computational time for each method. In
our experiments, we solve (9) and (24) using Mosek [43] on an
Intel Core i7-9750H CPU with 16GB RAM. We consider (9)
as a specific form of (24) by setting nv = 1 and w1 = 0nϵ ,
and utilize the same method to solve them for comparison.

As shown in Table VI, the three methods of dDeeP-LCC
achieve much faster computation time than cDeeP-LCC. The
dDeeP-LCC(Time-varying) method not only demonstrates
superior control and safety performance, as previously dis-
cussed but is also 85.1% faster than the cDeeP-LCC in
terms of average computational time. Note that all the CAVs
can solve their control inputs individually in the decentralized
setting, and thus the computational cost is related to the size
of the subsystem and will not increase as the size of the
entire system grows. As the number of subsystems increases,
the computational cost for cDeeP-LCC will keep increasing,
while it will remain nearly unchanged for dDeeP-LCC. This
reveals the scalability of the decentralized approach in terms of
both computation and data privacy, which supports real-time
implementation for large-scale mixed traffic systems.

VII. CONCLUSIONS

In this paper, we have proposed a decentralized robust data-
driven predictive control for CAVs, called dDeeP-LCC, to
smooth mixed traffic flow. We first decouple a mixed traffic



system into several cascading CF-LCC subsystems, where
the dynamical coupling is treated as a bounded disturbance.
We formulate dDeeP-LCC as a robust min-max optimization
problem against the worst disturbance, where three estimation
methods are discussed for the disturbance bound. We have
also developed an efficient computational method to solve the
dDeeP-LCC for online predictive control. Traffic simulations
confirm that dDeeP-LCC achieves comparable control perfor-
mance with centralized DeeP-LCC in [22], while providing
better safety guarantees, achieving shorter computational time,
and naturally preserving data privacy.

Interesting future directions include 1) adapting differ-
ent regularization strategies and data-preprocessing methods
from [40], [41], [46] for further improved performance,
and 2) developing direct data-driven methods for nonlinear
traffic control (such as [47]). Practical experimental validations
similar to [27] and more large-scale numerical experiments are
also interesting future topics.
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APPENDIX

In this appendix, we first present the transformation of
our decentralized robust DeeP-LCC (16) into the robust
quadratic optimization problem (21). We then provide standard
conic forms of the vertex-based strategy (Method I) (24) and
duality-based strategy (Method II) (26) for directly solving
the decentralized robust DeeP-LCC using solvers, without
utilizing time-consuming modeling packages.

A. Quadratic reformulation

We show the process of getting Q, P1, P2, d, c0 and c1
in (21). The main idea is substituting (20) into (16) and using
x to replace variables ui, σyi

and ϵ̃i.
We first derive the objective function of (21a). After substi-

tuting, the objective function of (16) is

||ui||2Ri
+ ||yi||2Qi

+ λgi ||gi||22 + λyi ||σyi ||22
= uT

i Riui + bTS1b+ λgib
TS2b+ λyi

σT
yi
σyi

.
(30)

where S1 = H†T
i Y T

i,FQiYi,FH
†
i and S2 = H†T

i H†
i are symmet-

ric positive semidefinite matrix. We denote ui, σyi
and b as

ui = F1x, σyi = F2x, b = bini + F3x,

where bini = col(ui,ini, ϵi,ini, yi,ini,0,0) and

F1 =
[
IN 0 0

]
, F2 =

[
0 I(mi+2)Tini 0

]
,

F3 =


0 0 0
0 0 0
0 I(mi+2)Tini 0
IN 0 0
0 0 Eϵ

 .

Then (30) could be derived as

uT
i Riui + bTS1b+ λgib

TS2b+ λyi
σT
yi
σyi

= xTFT
1 RiF1x+ (bini + F3x)

TS1(bini + F3x)

+ λgi(bini + F3x)
TS2(bini + F3x) + λyi

xTFT
2 F

T
2 x

= xT (FT
1 RiF1 + FT

3 S1F3 + λgiF
T
3 S2F3 + λyi

FT
2 F

T
2 )x

+ 2(bTiniS1F3 + λgib
T
iniS2F3)x+ bTini(S1 + λgiS2)bini,

so that we can get

M = FT
1 RiF1 + FT

3 S1F3 + λgiF
T
3 S2F3 + λyiF

T
2 F

T
2 ,

d = 2(FT
3 S1bini + λgiF

T
3 S2bini),

c0 = bTini(S1 + λgiS2)bini.

We then show the derivation for constraints. For the safety
constraint (21b), after substituting (20b) into (14c) and using
the same decomposition of b in the previous part, we have

s̃min ≤ G1Yi,FH
†
i (bini + F3x) ≤ s̃max

⇔ s̃min ≤ G1Yi,FH
†
i F3x+G1Yi,FH

†
i bini ≤ s̃max.

Thus, we have

P1 = G1Yi,FH
†
i F3, c1 = G1Yi,FH

†
i bini.

For the input limitation (21c), we need to extract ui from x
and we have P2 = F1.

B. Conic form transformation

We show how to change (24) and (26) to their conic form
and get corresponding A, b, c,K. The key point is to derive
each constraint to its corresponding conic inequality. We use
subscript “s”, “o”, “z” to represent parameters corresponding
to the second-order cone, non-negative orthant and zero cone.
Recall that xj denotes fixing ϵ̃i in x with one of extreme
points wj and xd is defined as col(ui, σyi).

1) Method I: For Method I, the decision variable y is
col(t, ui, σyi

) and it is obvious that b = col(1,0,0) for the
objective function. There are two types of conic inequalities
at the constraints which are second-order cone and non-
negative orthant.

We first derive constraint (24a) to its second order cone
form. It is normal to transform the convex quadratic constraints
to the following form∥∥∥∥[ 2Γxj

t− dTxj − 1

]∥∥∥∥
2

≤ t− dTxj + 1, j = 1, 2, . . . nv, (31)

where Γ is gotten from decomposing M as ΓTΓ using the fact
that M is a positive semidefinite matrix. We further divide Γ
and d as Γ =

[
Γd,Γw

]
and d = col(dd, dw) which corresponds
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to the multiplication with xd and wj . Then (31) can be derived
as the second order cone formt− dTd xd − dTwwj + 1

2(Γdxd + Γwwj)
t− dTd xd − dTwwj − 1

 ∈ Ksj , j = 1, . . . , nv,

and the corresponding Asj and csj are

AT
sj =

−1 dTd
0 −2Γd

−1 dTd

 , csj =

−dTwwj + 1
2Γwwj

−dTwwj − 1

 , j = 1, . . . , nv.

We then derive constraints (24b) and (24c) to their non-
negative orthant form. For constraint (24b), we could represent
P1 as [P1d, P1w] and each evaluation of (24b) in wj can be
derived as [

smax − P1dxd − P1wwj − c1
−smin + P1dxd + P1wwj + c1

]
∈ Koj ,

and the corresponding Aoj and coj for j = 1, . . . , nv are

AT
oj =

[
0 P1d
0 −P1d

]
, coj =

[
smax − P1wwj − c1
−smin + P1wwj + c1

]
.

For the constraint (24c), similar to derivation of (24b), we have[
umax − ui

ui − umin

]
∈ Kou and the corresponding Aou and cou are

AT
ou =

[
0 I 0
0 −I 0

]
, cou =

[
umax

−umin

]
.

The final form of A and c for (24) are gotten from stacking
matrices derived above and we have

A = col(Aou, Ao1, . . . , Aonv , As1, . . . , Asnv),

c = col(cou, co1, . . . , conv , cs1, . . . , csnv).

Cone K is the product of nv +1 non-negative orthants and nv
second-order cone which is

K = Kou ×Ko1 × · · · Konv ×Ks1 × · · · × Ksnv .

2) Method II: For Method II, the decision variable is
y = col(ti, ui, σyi , λ1, λ2) and b in the objective function is
col(1,0,0,0,0). There are three types of conic inequalities
at the constraints which are second-order cone, non-negative
orthant and zero cone.

We omit the detailed derivation for the same constraints
(24a) and (24b) in (26). We only need to add an extra zero
block column at the right side of each Asj and Aou because

of additional decision variables λ1 and λ2. Forms of Asj for
j = 1, . . . , nv and Aou can be represented as

AT
sj =

−1 dTd 0
0 −2Γd 0
−1 dTd 0

 , AT
ou =

[
0 I 0 0
0 −I 0 0

]
.

We will have the same Ksj , csj , j = 1, . . . , nv and Ksu, cou as
in Method I.

We then present the conic derivation for (26a)-(26e). For
(26a), (26c), (26e), they could be represented by non-negative
orthants which are[

s̃max − pTl,dxd − b̃Tϵ λl,1 − c1,l
−s̃min + pTl,dxd − b̃Tϵ λl,2 + c1,l

]
∈ Kol, l = 1, . . . , N,

and
[
λ1

λ2

]
∈ Koλ. The corresponding Aol and col for Kol are

AT
ol =

[
0 pTl,d 01×2nϵ(l−1) b̃Tϵ 0
0 −pTl,d 01×2nϵ(N+l−1) b̃Tϵ 0

]
,

cTol =

[
s̃max − c1,l
−s̃min − c1,l

]
, l = 1, . . . , N,

and the corresponding Aoλ and coλ for Koλ are

AT
oλ =

[
0 −I 0

]
, coλ = 0.

For (26b) and (26d), they can be considered as zero cones
which are [

ÃT
ϵ λl,1 − pl,ϵ

ÃT
ϵ λl,2 + pl,ϵ

]
∈ Kzl, l = 1, . . . , N,

and Azl and czl correspond to them are

AT
zl =

[
0 0nϵ×2nϵ(l−1) ÃT

ϵ 0
0 0nϵ×2nϵ(N+l−1) ÃT

ϵ 0

]
, czl =

[
pl,ϵ
−pl,ϵ

]
.

The final form of A and c for (26) could be represented as

A = col(Az1, . . . , AzN , Aoλ, Aou,

Ao1, . . . , AoN , As1, . . . , Asnv),

c = col(cz1, . . . , czN , coλ, cou,

co1, . . . , coN , cs1, . . . , csnv).

Cone K is the product of N zero cones, N + 2 non-negative
orthants and nv second-order cones, which is

K = Kz1 × · · · × KzN ×Koλ ×Kou×
Ko1 × · · · × KoN ×Ks1 × · · · × Ksnv .
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